We study the superconducting properties of population-imbalanced ultracold Fermi mixtures in one-dimensional (1D) optical lattices that can be effectively described by the spin-imbalanced attractive Hubbard model (AHM) in the presence of a Zeeman magnetic field. We use the mean-field theory approach to obtain the ground state phase diagrams including some unconventional superconducting phases such as the Fulde-Ferrell-Larkin-Ovchinnikov (FFLO) phase, and the η phase (an extremal case of the FFLO phase), both for the case of a fixed chemical potential and for a fixed number of particles. It allows to determine optimal regimes for the FFLO phase as well as η-pairing stability. We also investigate the evolution from the weak coupling (BCS-like limit) to the strong coupling limit of tightly bound local pairs (BEC) with increasing attraction, at T = 0. Finally, the obtained results show that despite of the occurrence of the Lifshitz transition induced by an external magnetic field, the superconducting state can still exist in the system, at higher magnetic field values.
I. INTRODUCTION
The immense development of experimental techniques in cold atomic Fermi gases in the last years has opened new avenues for research of strongly correlated systems in condensed matter physics and beyond. The ability to control the interactions via Feshbach resonances [1] sets new perspectives for experimental realization and study of many different unconventional systems, such as spin-polarized superfluidity (with population imbalance), superconductivity with nontrivial Cooper pairing, Bose-Fermi mixtures or mixtures of fermions with unequal masses [2] [3] [4] [5] .
There are indications that the properties of unconventional superconductors place them between two regimes: BCS and BEC [6] [7] [8] [9] [10] . The evolution from the weak attraction (BCS-like) to the strong attraction (BEC-like) limit takes place when the interaction is increased or the particle concentration is decreased at moderate fixed attraction. According to the Leggett criterion [11] , the Bose regime begins when the chemical potential µ drops below the lower band edge. The possibility to control population imbalance has motivated attempts to understand the BCS-BEC crossover phase diagrams in the presence of spin polarization [9, 12] . * e-mail: aptok@mmj.pl † e-mail: agnieszkakujawa2311@gmail.com ‡ e-mail: karem.c.rodriguez@correounivalle.edu.co § e-mail: konrad.kapcia@ifpan.edu.pl
Currently, the unconventional superconductivity with a non-trivial Cooper pairing lays down one of the most important directions of studies in the theory of condensed matter [13] and ultracold quantum gases [14, 15] . In the presence of a Zeeman magnetic field, the densities of states are different for the particles with spin down and spin up. In the case of ultracold Fermi gases, paramagnetic effects are introduced artificially by population imbalance producing a mismatch between the Fermi surfaces. At strong imbalance, in the weak coupling regime, superfluidity is destroyed and undergoes a first-order phase transition to the polarized normal state at a universal critical magnetic field h P = ∆ 0 / √ 2 ≈ 0.707∆ 0 . The latter is called the Chandrasekhar-Clogston (CC) limit or Pauli limit [16, 17] , where ∆ 0 is the gap at zero temperature in the absence of external field. Rather recently, a behaviour in accordance with the CC limit has been observed in population imbalanced atomic Fermi gases [18, 19] .
In the weak coupling limit, at a large difference in the occupation number (or at a strong magnetic field), states with nontrivial Cooper pairing can exist. An example of such pairing is the formation of Cooper pairs across the spin-split Fermi surface with non-zero total momentum (k ↑, −k + Q ↓), leading to the so-called Fulde-FerrellLarkin-Ovchinnikov [20, 21] (FFLO) state. Solid-state experiments typically involve highly anisotropic materials -made up either of weakly coupled two-dimensional (2D) planes or 1D wires [13] . The potential candidates for finding the FFLO phase are heavy fermions [13, [22] [23] [24] [25] , organic [26] [27] [28] or iron-based superconductors [29] [30] [31] . These systems are characterized by a discontinuous phase transition from the superconducting to the normal state in the regime of low temperatures. However, it is still unclear in which range of parameters the FFLO phase is stable. Moreover, the observation of this type of superconductivity is very difficult because of the very strong destructive influence of the orbital (diamagnetic) effect.
For instance, some calculations indicate that if a FFLO phase exists in 3D trapped gases, it will occupy a very small volume in parameter space [32] [33] [34] . Another kind of pairing and phase coherence that can appear is the spatially homogeneous spin-polarized superfluidity (called breached pair state or Sarma phase [35] ), which has a gapless spectrum for the majority spin species.
Quite recently, the Rice University experimental group [32] predicted the FFLO phase apperance in ultracold lattice gases. The experimental setup allows to investigate imbalanced quantum Fermi gases (N ↓ = N ↑ ) by trapping the two lowest hyperfine levels of the 6 Li ground state in quasi-1D geometries [36] . Similar experiments have been performed for the mass-imbalanced mixtures of 6 Li and 40 K atoms [37] [38] [39] [40] . Also theoretical analyses suggest a possibility of a realization of the FFLO phase in optical lattices [19, 41, 42] . The existence of non-zero total momentum Cooper-pairs leads to a spontaneous symmetry breaking of the order parameter in real space [13] . It is manifested by sign change of the superconducting order parameter as well as the occurrence of nodal lines in real space. The spatial profile and the number of the nodal lines depend on the magnetic field [43] . The same behaviour of the order parameter can be observed in ultracold fermionic gases in parabolic or toroidal traps. In the former case there can occur oscillations of the order parameter in the radial direction [42, 44, 45] , whereas in the latter case the breaking of the rotational symmetry can result in oscillations of the order parameter depending on the angle [46, 47] .
For one-dimensional two-component Fermi atomic gases in a magnetic trap the exact thermodynamic Bethe ansatz [48] solution shows that (in some range of magnetic field and in the strong coupling limit) a mixed phase with the two-shell structure with a partially polarized superfluid core surrounded (analogous to the FFLO phase) by either a fully paired or fully polarized phases occurs in the ground state [49, 50] . Similar situation has been found in a case of the one-component trapped gas [51] . Moreover, the FFLO phase occurs at all non-zero partially polarization for any attractive interaction, whereas all of the phase transitions are continuous [49] [50] [51] . Theoretical investigations predict that the FFLO state can be also realized in a case of the mass-imbalance fermionic system [52] [53] [54] [55] . There has been work on exact numerical studies (Quantum Monte Carlo (QMC) simulations and Density Matrix Renormalization Group (DMRG)) of the 1D attractive Hubbard model with populationimbalanced fermions [55] [56] [57] [58] [59] [60] [61] [62] [63] [64] , suggesting that the FFLO state is stable in 1D. Indeed, the instability of the normal state with respect to FFLO is due to a Fermi surface "nesting" which is enhanced in 1D [65] .
Motivated by the experimental feasibility of such systems with ultracold gases loaded on a quasi-1D lattice, we study the unconventional superfluid phases of the attractive Hubbard model (AHM) (U < 0), in the presence of an external magnetic field. We show that with increasing magnetic field, the system can evolve from the BCStype superconducting state to the FFLO phase (where the Cooper pairs have non-zero total momentum Q). In an extremal case, this momentum Q can lie on the vertex of the first Brillouin zone (FBZ) [66] [67] [68] and the so-called η phase emerges. It should be stressed that the Hubbard model on a bipartite (alternate) lattice has been rigorously proved to have η states as eigenstates [69] . Moreover, η-pairing has been found as a mechanism of superconductivity in a large class of models of strongly correlated electron systems (extended Hubbard models) [70] .
We obtain the magnetic field vs. chemical potential as well as vs. filling (i.e h − µ and h − n, respectively) phase diagrams for several values of the on-site pairing interactions. Therefore, the results of our analysis can be compared to experimental results where the filling or particle concentrations can be fully controled and measured. We find a topological quantum phase transition, of the Lifshitz type, in the ground state phase diagrams. A consequence of this transition is a change of the Fermi surface (FS) topology due to the variation of the Fermi energy and/or the band structure.
The paper is organized as follows. In Section II, we introduce the main theoretical model for the system under study, the attractive Hubbard model in a Zeeman magnetic field and we shortly discuss the mean-field method. Section III presents numerical results and their discussion: the h − µ as well as h − n phase diagrams in the weak-coupling limit (III A), the BCS-BEC crossover analysis and magnetic Lifshitz transition (III B). We conclude in Sec. IV with a brief summary of the obtained results and an outlook.
II. MODEL AND METHOD
We study an s-wave superconductor on a onedimensional lattice, described by AHM (U < 0) in a magnetic field which in real space takes the form:
where t is the nearest-neighbor hopping, σ =↑, ↓ the spin index, U the on-site attraction, µ is the chemical potential; h is a Zeeman field, which originates from an external magnetic field (in gµ B /2 units) or from a population imbalance in the context of the cold atomic Fermi gases with µ = (µ ↑ + µ ↓ )/2 and h = (µ ↑ − µ ↓ )/2, where µ σ is the chemical potential of atoms with (pseudo) spin-σ.
The second term can be decoupled using the mean-field approximation,
where ∆ i = ĉ i↓ĉi↑ is defined as the superconducting order parameter (SOP). Then, the mean-field Hamiltonian in real space takes the form
Without loss of generality, we can write down the SOP as:
, where ∆ 0 is the spatially oscillating amplitude, while Q is the total momentum of the Cooper pair.
Transforming the Hamiltonian (1) to the reciprocal space, one obtainŝ
In the one-dimensional lattice case, the dispersion relation is given by:
Using the Nambu notation, the Hamiltonian (4) can be rewritten in a matrix form,Ĥ MF = kΦ † k H kΦk , with
whereΦ † k = (ĉ † k↑ ,ĉ −k+Q↓ ) are the Nambu spinors. Then, the eigenvalues λ k± ofĤ MF are given by
while the particle number equation takes the form
The ground state is found by a minimization of Ω with respect to the SOP amplitude ∆ 0 and momentum Q, for fixed µ and h, at a temperature T /t = 10 −5 (effectively T = 0, non-zero value taken for numerical reasons). As mentioned above, the systems in which the FFLO phase can be realized are characterized by discontinuous phase transitions, which are associated with discontinous changes of ∆ 0 and/or Q. As a consequence, the energy gap equation for a given phase, equivalent to one of the conditions of the energy minimization dΩ/d∆ 0 = 0, at fixed Q, cannot be used for the phase boundaries estimation. In this case, the procedure of the minimization of Ω with respect to the SOP amplitude and all possible momenta Q realized in the system is essential. Because of the unequivocal relation of the real space and reciprocal space (via the Fourier transform), the number of possible Q vectors in the lattice is equal to the number of lattice sites (given by N ). It is worth to mention that Q as well as ∆ 0 change discontinuously [30] going from the BCS to the FFLO phase. To find the minimum of the energy of the system, one minimizes Ω(∆ 0 ) functions for N different Q vectors. For simplicity, without loss of generality, numerical calculations have been performed in the lattice with N = 200 sites and periodic boundary conditions, which makes the finite-size effects negligible [71] . To speed up the calculations, graphical cards have been used. We have proceeded according to the numerical procedure described in Ref. [31] .
III. NUMERICAL RESULTS AND DISCUSSION
In this section, we focus on the analysis of superconducting properties of ultracold atomic mixtures assuming a one-dimensional lattice geometry. Within the meanfield (BCS-Stoner) approach, we construct the phase diagrams in two ways: by fixing the chemical potential (µ) or the particle concentration (n), and show the relevant differences resulting from these possibilities. The groundstate phase diagrams are obtained for a wide range of attractive interactions, i.e. for a weak and intermediate coupling (III A) and for the local pairs limit (BEC) (III B) by using the mean field approximation. Notice that in general case this approximation overestimates critical temperatures and can give an incorrect description of the long-range order phases. However, it gives a relatively good description of the system in the ground state (at T = 0), even in the strong coupling limit [6] .
A. Superconducting properties of the AHM in the presence of a Zeeman magnetic field: Weak and intermediate coupling
In this subsection, we consider the ground state phase diagrams in the weak and intermediate couplings. In the following, we set t = 1.
In the weak coupling regime and in absence of an external Zeeman field, the usual superconducting BCS-type swave state is stable (Fig. 1) . As the magnetic field rises, superfluidity gets destroyed, at weak and intermediate couplings, due to paramagnetic effects or by population imbalance. Hence, the unpolarized BCS-like superconducting phase undergoes a first order phase transition to the polarized normal state or to the FFLO phase. Rising higher the field and close to half-filling, the polarized FFLO-η-pairing superconducting phase also undergoes a first order phase transition to the normal state.
These two first order phase transition lines were determined from the conditions:
where Ω BCS , Ω FFLO and Ω NO denote the grand canonical potential of the BCS (∆ 0 = 0, Q = 0, P = 0), FFLO (∆ 0 = 0, Q = 0, P = 0) and the normal (∆ 0 = 0, P = 0) state, respectively, where P = (n ↑ − n ↓ )/(n ↑ + n ↓ ) is the polarization. Then, these results have been mapped onto the case of fixed n (Fig. 2) . Moreover, there is a special case of the FFLO phase, for which the Cooper pair momentum takes the value of the momentum on the FBZ vertex (|Q| = π). This case is called η-pairing and is found in the phase diagrams as well. It is worth to mention that we take into account in our analysis the Sarma phase, which is characterized by the spatially homogeneous order parameter, in the presence of non-zero polarization (i.e., ∆ 0 = 0, Q = 0, P = 0). However, these solutions are unstable for the whole region of parameters.
h vs. µ phase diagram. Fig. 1 shows the h − µ phase diagrams at T = 0. These diagrams are symmetric with respect to the sign change of µ or h due to the particlehole symmetry. For the sake of clarity, we only show the range of µ from 0 to 3 and h ≥ 0. In this case (see Fig. 1 ), we find two types of superconducting phases: BCS and FFLO type. Note that inside the latter, above some magnetic field value identified by a red dashed line, we find the η-FFLO phase. The stability range of the BCS state as well as the η-pairing depends on the value of the attractive interaction -both phases widen when increasing the attraction and the FFLO phase shrinks. Notice that obtained phase diagrams (Fig. 1) are in a qualitative agreement with the previous DMRG calculation performed for trapped spin-imbalanced Fermi gas, where partially polarized state (i.e. the FFLO state in the present paper) exists in a large range of the model parameters [62] .
Phase transitions. We find that the phase transition from the BCS phase to the FFLO or NO state is always of the first order (associated with a discontinuous change of the order parameters). At relatively high magnetic field and around half-filling (µ ≃ 0), we also obtain a first order phase transition from the η-FFLO phase to the NO state, (blue solid lines in Fig. 1 ), whereas the transition for larger µ changes its nature into second order. On the other hand, the transitions from the FFLO phase to the NO state as well as between the BCS phase and the empty (full-filled) state are second order ones (connected with a continuous change of the order parameters). It is important to emphasize that the first order phase transitions are reflected by the existence of the phase separation (PS) regions in the h − n phase diagrams. The BCS boundary shows strong non-linearities, especially around the BCS-BEC crossover point (for |µ| ≃ 2), while the boundary between the FFLO phase and the NO state changes in an approximately linear way with µ.
Generally, the order of the phase transition between the FFLO and BCS phases is still under debate [72] [73] [74] [75] [76] [77] [78] . For 1D systems the studies of that problem within the framework of the Ginzburg-Landau theory show that e.g. disorder can change the type of the phase transition [79] . A combination of the renormalization group and meanfield approximation for Fermi gases with attractive interaction gives second-order phase transition between uniform (BCS) and nonuniform (FFLO) superconducting states [80] . Moreover, studies of two-component Fermi atomic gases in a magnetic trap using the exact thermodynamic Bethe ansatz solution in continuum model show that the all of the phase transitions are continuous [49] [50] [51] . In such systems there has been shown that the phase separation in a real space can occur which can be source of other types of the phase transitions. The effective Ginsburg-Landau theory studies for quasi-2D dwave superconductors by renormalization group analysis indicate that the transition form the FFLO to normal state is generically first order, even when the mean-field theory suggests a continuous transition [73] .
h vs. n phase diagram and phase separations. As mentioned above, there are relevant differences between the phase diagrams obtained for fixed chemical potential and fixed particle concentration. Fig. 2 shows the dependence of the critical magnetic fields on the filling, for several attraction values. Here, due to the particle-hole symmetry, we only show the range of |n − 1| from 0 to 1. In contrast to the fixed chemical potential case, if the number of particles is fixed and n = 1, the phase separated states are present on the diagrams. The occurrence of the phase separated states for fixed concentration (so-called macroscopic phase separation) is associated with the first order phase transitions occurring for fixed µ [8, 81] . Due to the fact that the transition for fixed µ between the FFLO and BCS phases, the BCS and NO phases, and the η-FFLO and NO phases (in some ranges of the model parameters) are discontinuous, the corresponding phase separated states are present on the diagrams as a function of n. One can distinguish three different phase separation regions in the h − |n − 1| phase diagram: PS1 -the region of phase separation between BCS and FFLO phases as well as between the BCS and NO phases (for h above and below, respectively, the points indicated by the arrow in Fig. 2 ), PS2 -between the BCS and NO phases, and PS3 -between the η-FFLO-pairing and NO states.
The phase diagrams in Fig. 2 show that the FFLO phase can be realized at relatively large doping. Similarly as in the case of the h-µ phase diagram, the phase boundaries show strong non-linearities in the BCS-BEC regime (small density of particles). The blue dashed vertical line indicates the critical value of n above which, according to the Leggett criterion, there is the BCS-BEC crossover at the large spin-imbalance or Zeeman fields.
Role of the pairing U interaction. The increasing of the pairing interaction U leads to the stabilization of some critical behaviours (Fig. 3) . As it is known, in the strong coupling limit of AHM (h = 0), the tightly bound local pairs of fermions behave as hard-core bosons and can exhibit a superfluid state similar to that of 4 He II [6] . According to the Leggett criterion, the Bose regime begins when the chemical potential µ drops below the lower band edge. In the case of a one-dimensional system, the band edges are at ±µ/t = 2. Fig. 3(a) shows the µ vs. U phase diagram, at T = 0 and h = 0. As one can notice, in the case of the strong coupling (larger values of U ), the superconducting phase exists above the band boundary (white dashed line). Above this line, one can speak about non-BCS behaviour.
We observe similar critical behaviour with an increasing Zeeman magnetic field (Fig. 3(b) ). Namely, at the critical point, U = 0 and h/t = 2, the magnetic Lifshitz transition (MLT) [82] takes place. As has been mentioned above, at a non-zero Zeeman magnetic field, the population imbalance introduces a mismatch between the Fermi surfaces. Hence, effectively there are two Fermi surfaces in the system, one for the majority spin component and one for the minority spin component. However, above h/t = 2 (the value of the band edge), one of the Fermi surfaces disappears. Therefore, one can observe a change in the FS topology. Strikingly, the superconducting phase can still survive above MLT and the increasing of U stabilizes the η phase (Fig. 3(b) ). The boundary between the FFLO and η phase is moved towards lower values of the magnetic field, which is clearly visible in the h − µ as well as h − |n − 1| phase diagrams.
B. BCS-BEC crossover and magnetic Lifshitz transition
In this subsection, we present results concerning the BCS-BEC crossover as well as the magnetic Lifshitz transition. Both possibilities can be simply shown by means of µ ↑ vs. µ ↓ phase diagrams (Fig. 4) , where µ σ = µ + σh is the effective chemical potential.
First, let us discuss the schematic phase diagram in Fig. 4(a) . In the weak coupling limit, for |µ σ |/t ≤ 2 (the inside of the dashed black square), we have the BCS phase or FFLO, depending on the population imbalance. If µ ↑ ≃ µ ↓ (i), there is the unpolarized BCS phase, otherwise (for µ ↑ = µ ↓ (ii)) the FFLO state is stable. In Fig. 4(a) , dashed blue lines indicate the schematic boundaries between the BCS phase and the FFLO state. In Fig. 4(b) -(d), these boundaries are obtained from the minimization of the grand canonical potential with respect to the amplitude of the order prameter ∆ 0 and the vector Q.
With increasing U , when the effective chemical potentials drop below the lower band edge, there is the crossover to the tightly bound local pairs region (BEC -the blue shaded area in Fig. 4(a) ). It takes place in the region of parameters for which µ ↑ ≃ µ ↓ , i.e. the polarization P of the system is low. However, it is worth to emphasize that the BCS-BEC crossover takes place both for a low particle concentration (µ = (µ ↑ +µ ↓ )/2 < −2t) and for a low concentration of holes (µ = (µ ↑ + µ ↓ )/2 > 2t). This behaviour is clearly visible in Figs. 4(b)-(d) in which the orange area significantly exceeds the black dashed square. Therefore, one can speak of the crossover to the tightly bound local pairs.
In the weak coupling region, in the presence of a Zeeman magnetic field, there are two FS's in the system. If the system is strongly-polarized, i.e. µ ↑ + µ ↓ ∼ 0, the magnetic Lifshitz transition can take place. In this case, one of the spin bands is fully-filled or empty. However, the increase of the attractive interaction leads to the stabilization of the superconducting state, although there is only one FS in the system (see: Fig. 5 ). There is the pairing between the particles with opposite spins but the total momentum of pairs (Q) takes the maximum allowed value of momentum in the system (i.e. the vertex of FBZ), in the presence of high polarization.
The phase diagrams for different values of pairing interaction U are shown in panels b-d of Fig. 4 . As is clearly visible, in the weak coupling limit (|U/t| → 0), the BCS phase (µ ↑ ≃ µ ↓ ) as well as the FFLO state (µ ↑ = µ ↓ ) are stable. However, the increasing U widens the range of occurrence of the BEC and MLT regions, which is clearly visible in panel d. In the strong coupling limit, the chemical potential drops below the band edge, the Fermi surfaces disappear and the FFLO phase is unstable. In this regime, only the unpolarized superconducting state is realized. 
FIG. 5. (Color online)
A schematic illustration of the (quasi-)particle band structure above the magnetic Lifshitz transition. The solid (dashed) lines indicate the quasi-particle (particle) bands in the superconducting (normal) state. At relatively high magnetic field and interaction, the eta-pairing can be realized (which is the superconducting state with total momentum of the Cooper pairs equal M point of the first Brillouin zone). In this case, the magnetic field causes a splitting of bands with opposite spins and hence, one of the bands can be fully filled (empty), whereas the top/bottom of the other band crosses the Fermi level. However, the existence of a strong pairing interaction (and the energy gap) leads to pairing and modifies the quasi-particle spectrum in a similar manner to the one in the BCS-BEC crossover regime [83] [84] [85] , at Q > 0.
IV. SUMMARY
We studied the superconducting properties of the spinimbalanced attractive Hubbard model in the context of experiments with ultracold atomic Fermi mixtures with population imbalance in one-dimensional optical lattices. The ground-state phase diagrams were obtained for the cases of a fixed chemical potential and a fixed density (lattice filling) by using the mean-field approach for the 1D system. We found that the FFLO phase is stabilized for a wide range of atomic densities due to a Fermi surface nesting, which is enhanced in 1D. Superconductivity is destroyed by the pair breaking in a very weak coupling regime. If the number of particles is fixed and n = 1, one can obtain two critical Zeeman magnetic fields (population imbalance), which limit the phase separation of the superconducting and the normal states.
At relatively high values of a Zeeman magnetic field, there is a region of the η-pairing (within the FFLO phase). With an increasing attractive interaction, the η-pairing is stabilized with respect to the FFLO state. Moreover, the η phase can be stable even above the magnetic Lifshitz transition (Fig. 5) . A consequence of this transition is a change of the Fermi surface topology due to the variation of the Fermi energy and/or the band structure. Our finding of a MLT in the spin-imbalanced AHM in one-dimensional lattice and determination the stability of η-pairing is reported for the first time in the literature.
Hence, at T = 0, in the weak coupling regime and for fixed n, the following states have been found in the 1D system: at h ≥ 0 -the BCS state; for higher values of magnetic fields (h = 0) -the FFLO phase; at relatively high h = 0 -the η-pairing; three different PS regions and NO. PS terminates at tricritical points.
We have also investigated the ground state BCS-BEC crossover diagrams for AHM in the presence of a Zeeman magnetic field. We have observed that the FFLO phase is suppressed with increasing attraction, the η-pairing is favoured as well as only the BCS-like phase in the strong coupling limit.
